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b
Warm-up: Calculate [ Jx(2), y(H))/ (x'(1))* + (¥'(t))*dt for the function

flx,y) = xy° and ...

... X = —cos(?), y = sin(?)

. x=In(), y = In(?)
with % <t .

with 1 < <e.

if your surname starts A-F. if surname G-R. if surname S-Z.



b
Warm-up: Calculate [ Jx(2), y(H))/ (x'(1))? + (¥'(t))*dt for the function

A
f(x,y) = xy° and three different 7 : [a, b] — R~

Your simplified integral should be

(§
A-F: [ (—cos EX(sin £)2 4t = ...
/4
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b
Warm-up: Calculate [ Jx(2), y(H))/ (x'(1))? + (¥'(t))*dt for the function

A
f(x,y) = xy° and three different 7 : [a, b] — R~

Your simplified integral should be

(4
A-F: [ (—cos B)(stn £)2 dF = %(sm Y4
/4% ’
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a scalar (number)
as output

a vector (or multiple
numbers) as output

a scalar (number)
as input

“vector function”

a vector (or multiple
numbers) as input

“scalar function”
or “scalar field”

“vector field”




a scalar (hnumber) a vector (or multiple
as output numbers) as output

a scalar (number) f()C) X(t) b
as Input P()C) r(t)

a vector (or multiple f(x9 y? Z) P
numbers) as input T(.X, t) F (X’ y’ Z)




A scalar function is a function whose output is a number but whose input
can be thought of as a list of numbers or as a single vector. We often write

J(x, )

for a function

RS R
and f(x,y,z) forf: R° - R.

A curve (path) in 2D or 3D can be described using parametric equations or
using a single vector equation. Therefore a vector function

r:la,b] - R"
can also describe a curve.
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Inteqrals

|
0
e’ dx more or less than 1?

@ more or less than 27?

@ more or less than 37?

How could we get an approximate value for this
integral?

0.25 + 1.06x0.258 + 128 x0.28 + 176x0.28
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Integrals
1 25} Ao exz
X2 i
IS J e’ dx more or less than 1? |
: 20 075,17
@ more or less than 27 (075, 1.76)
@ more or less than 37 A4
(0.5, 1?}
| . B
How could we get an approximate value for this 1.0 =<

integral?

0.125 + 1.016x0.128 + -+ + 1.76x0.125 + 2.16x0.128 03
= 0,128 + 0127 + - + 0,219 + (.269
= 1.362 00 02 04 06 08 1



b
We can approximate J f(x)dx by adding up several terms that are
a

( f value) x (length of a small interval).

without actually drawing any rectangles.
o Officially, the integrals is defined as the limit of this kind of sum.

o The Fundamental Theorem of Calculus tells us that we can use
anti-derivatives to calculate integrals instead (if we can find a formula for
the anti-derivative of f(x)).

The Zf- length idea lets us draw a 1D picture instead of a 2D picture...
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Amatvsis 1: [ £(x)dx

Area Anything
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The length of each small line segment
s exactly 1/ (x)* + (y')?, so that’s

why its in our path-integral formula.

b

(x)dx

A

~+0.30 x0.30 x0.30 x0.30 x0.30 x0.30 x0.30 x0.30 x0.30 x0.30~

(X,j) ds
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2.58 | 2.03 ™6 : 10
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242 : 2.36 | 231 230 | 432
2.50 | 258 | d

2.27 | 2. 50693 2.93 | 3.06
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0.70 | 0.82 | 1.21 1.80 | 2.50




The path integral of a scalar function f : R" — R over a curve Cis

written as
J fds.
C

Officially, this is the limit of a sum of f-values multiplied by lengths of small
intervals (small line segments connecting points on the curve C).

Last week, | suggested using the following formula:

b
J f(r(1))

even though 7 isn’t actually part of the definition above.

r'(1) ‘ dr.



In the warm-up, we used three different r : [a, b] — R“ to compute three
path integrals, but two of them had equal values. This was not a coincidence.

X = —cos(1), y = sin(?) =1 Y] - 5
with = < ¢t < 1. with — <r< 1.
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Fact: If r=[x,y]witha <t <b

and

e ——

R =|x,y|lwithc <t<d
are two different parameterizations of the same curve, then

), d
[ GO 7’(t)‘dt ang J f(ﬁ’(z))‘ﬁ"(z)‘dt

A C

will be equal.

This is why we can talk about [ fds” for a curve!
C



Example task: “Integrate x3y over the clockwise arc of the circle x* + y2 |

with x > — and y > 0.”
V2

This was exactly the warm-up for students at the beginning or end of the
alphabet (the middle group’s r was for a different curve).

1

The answer IS T You could use either

o x = —cos(?), y = sin(?), % <t<nm
or

o x=t,y=41-1, ‘Tlstsl
2

to do this path integral, but the first choice is much easier.



Task 2: “Integrate 4/2y — x over the line segment from (0,0) to (1,3).”

s Step 1: Come up with parametric equations (or a vector equation) to
describe this line segment.

* Step 2: Use the formula [ f(F(1)) | 7(1) | dr.

= |7 (@), YO/ () + ()l




Paramwebric e 3 uakions

In this course you will only have to create your own equations for three kinds
of paths:

o straight line segments,
e arcs of circles,

a combinations of line segments and arcs (just add the path integrals over
each part of the complex path).

For other kinds of curves, an 7 equation (or separate x = ...,y = ... equations)
will be given in the task.



Paramwebric e 9 uakions

In this course you will only have to create your own equations for three kinds
of paths:

o straight line segments,

The line from point A to point B can always be parameterized as
r=((1-1H)A +1tB
with 0 <t < 1, although sometimes other choices are easier.

e arcs of circle,
The arc of a circle of radius R centered at (&, k) is always

X = h+ Rcos(?), y = k + R sin(7)
with the bounds for ¥ depending on which part of the circle is used.



From Analysis 1 you should know that

d
% [g(t) . constant] — _g - constant

ds

df ~dg
[f(f) T 8(0] G + 37

and that

If the “constants” are actually vectors, this still works. So, for example,
—|In@)7 + In(0)j| = =|In@)i| + < |In()j]
e d 5
= E[ln(t )| T+ [ln(t)] 7
5t 1

=—1 + —7
1 t



From Analysis 1 you should know that

(g(t) : Constant) "= g'(?) - constant

and that
(8 + h() = g'(t) + h'(v).

If the “constants” are actually vectors, this still works. So, for example,
(In(*)7 + In(®)7)’ = (In(®)7)"+ (In(@)])’
= (In())'i + (In())'j
STERINE

=—1+—]
1 t



From algebra, you should know the vector symbols
1 = [1,0] and 7 =1[0,1]

in 2D (in 3D we have 1, J, lAc) and you should know how to calculate the length
of a vector.

Combining all of this, if
o 7 =1In()i + In(®)]
then we know
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Parbtial derivabives

For a function with multiple inputs we can change x or change y (or both at
once—more on that later), so we have multiple ways to take derivatives.

The partial derivative of f(x,y) with respect to x can be written as any of

of
]gc,(x > Y ) ]gc/ 1), xf axf a_
X

and is what you get if you think of every letter other than x as a constant. Like with
1'(x) and f'(a) from An. 1, we also have the partial derivative of f with respect
to x at the point (a, b), which is a single number; we write this as f(a, b).

There is also a partial derivative with respect to y (and to z if there are 3 inputs).



0
Task 1: Calculate i [y2 sin(x)] . This is f, for the function f(x, y) = y* sin(x).
X

0
Task 2: Calculate = [y2 sin(x)] . This is f, for the function f(x, y) = y# sin(x).
Y



Task 3: Calculate £/(0,3) for the function f(x, y) = y* sin(x).

Task 4: Calculate £,(0,3) for the function f(x, y) = y* sin(x).



| &c‘i Mﬁ Ve EO !

The gradient of the function f(x, y) at the point (a, b) is written Vf(a, b) and
is the vector
fa, b)

fab S T

Vila,b) =

slope  gradient
< gradbév\& gradient

We can write Vf = | f, fy’] for short.

The gradient function V f(x, y), also written V f for short, is a vector that
depends on x and y (so it is technically a “vector field”).



Example: Calculate V£(0,3) for the function f(x, y) = y* sin(x).

Another way ko do this is to think of Vf(x,y) as the

ver:&ar*wé;%kwfor nulas
y2cos(x)

s 2ystn(x)
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Given a function f(x, y), we can calculate
o the function f.(x, y) o the number f (8, 5)
o the function f,(x, y) o the number f(3, 5) f 5)]

¥ thévecior LaES). = [;,(8 7

The “(8, 5)” could be any point; the coordinates 8 and 5 are just an example.
What do these mean??

Like in Analysis 1, we can think of slope of some tangent line or we can think
of “rate of change” more generally.

o For the slope, we need to think about what keeping other variables constant
means visually. Note that, for example, y = — 1 is a plane in 3D space.



z = f(xy) = sin(x+y”) sliced at y==1

~~ J
- 5
\4\ 7
~

The slope of this

ineis f1(2, = 1).

z = f(xy) = sin(x+y”) sliced at x=2

The slope gf this =,
line is fy’(z, —1).



Suppose f(x, y) describes the temperature at different positions.
If you stand at (a, b), you have the temperature f(a, b).

o

o

o

If you move east (right), your temperature
changes at the rate f.(a, b).

If you move west (left), your temperature NW
changes at rate —f,(a, b).

If instead you move north (up), your W
temperature changes at rate f,(a, b). Bk

If instead you move south (down), your o

temperature changes at rate — fy’(a, D).

What if you move northeast? Or south-southwest?
Next weele!
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